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ABSTRACT
A novel inversion method is presented, which derives the two-variable number distribution for black
carbon aerosol, using a coupled centrifugal particle mass analyzer (CPMA) and single particle soot
photometer (SP2). The CPMA classifies all particles by their mass-to-charge ratio, and the SP2
detects the mass of refractive black carbon (rBC) in each individual particle. The results of the
inversion are the simultaneous number distributions of both rBC mass and total particle mass. Using
the distribution, the coating distribution on a population of rBC particles can be identified visually.
Furthermore, the distribution can be integrated to find one-variable mass and number
concentration distributions as a function of total or rBC particle mass. These capabilities were
demonstrated via smog chamber experiments, where an organic (non-rBC) coating was grown onto
uncoated rBC aerosol over several hours via photo-oxidation of p-xylene. The particle distributions
were constructed using the inversion over a range of 1–60 fg of total particle mass. As the non-rBC
coating thickness increased over time, a shift in the number distribution toward higher total mass
was observed. At the end of the experiment, uncoated rBC was injected into the chamber, and the
distribution was clearly resolved using the inversion. The CPMA-SP2 method offers several
advantages over “SP-2 only” methods, namely, (i) coating mass information can be obtained over a
wider range of total particle mass, (ii) total particle mass is measured directly, and (iii) it does not
make core–shell morphology assumptions.

EDITOR
Jingkun Jiang

1. Introduction

Aerosols containing refractory black carbon (rBC) par-
ticles in the atmosphere have important climate impacts
due to their ability to absorb and scatter light. Refractive
black carbon aerosols are the second most influential
anthropogenic climate changing compound; however,
the magnitude of the impact of rBC on climate change is
highly uncertain (Bond et al. 2013). A major source of
this uncertainty is due to coating of non-rBC compounds
onto rBC, changing the particles absorption and scatter-
ing characteristics (aerosol direct effects on radiative
forcing) and influences on cloud life-cycle (semi-direct
and indirect effects on radiative forcing) (Menon et al.
2002; Ramanathan and Carmichael 2008). Acquisition of
non-rBC coating can occur at the source of emission
(e.g., from unburned fuel or engine oil condensed on
soot emitted from engines [Maricq 2007], or from

secondary organic aerosol condensing or coagulating
with the rBC [Riemer et al. 2004; Schnaiter et al. 2005;
Moosm€uller et al. 2009]). On a single particle, the mass
ratio of non-rBC to rBC may vary, and this mass ratio is
referred to as mass fraction. Measuring the mass distri-
bution on atmospheric rBC is important for understand-
ing the effect of coating on climate. To reduce
uncertainty on the effect of rBC on climate forcing, it is
desirable to quantify mass and number distribution char-
acteristics of an aerosol population containing rBC
particles.

The most common methodology to determine coating
characteristics of atmospheric rBC particles is to infer
them using a single particle soot photometer (SP2; Drop-
let Measurement Technologies, Boulder, CO, USA). SP2
methodologies are explained in detail elsewhere (Moteki
and Kondo 2007; Shiraiwa et al. 2007; Schwarz et al.
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2008; McMeeking et al. 2010, 2011; Sedlacek et al. 2012),
and briefly in Section 2.1. Bare rBC particles passing
through an SP2 Nd:YAG laser produce incandescence
and scattering signals with near-simultaneous peak
intensities. Particles with a non-rBC coating undergo a
delay on the onset of the LII peak signal as organic parti-
cle coating must be vaporized before the rBC core begins
to incandesce. Therefore, the non-rBC coating mass can
be inferred by correlating the difference in time of the
scattering and incandescence signal peaks to coating
mass. Another approach relies on sizing rBC-containing
particles optically and estimating the coating amount
using assumed morphology and refractive indices (Gao
et al. 2007). Inferring the coating mass using peak time
differencing can be difficult because the time to vaporize
organic coating depends on physical and thermody-
namic characteristics (Moteki and Kondo 2007) which
may be challenging to quantify for atmospheric rBC.
Further, these methods for estimating coating thickness
are constrained by the sensitivity of the SP2’s scattering
detector, which can resolve particles in the range of 200–
430 nm in diameter.

We present here an improvement to an alternative
method to measure the mass of non-rBC coating on pop-
ulations of refractory black carbon (rBC) particles using
a tandem CPMA-SP2 system (Liu et al. 2017). The cen-
trifugal particle mass analyzer (CPMA; Cambustion Ltd.,
Cambridge, UK) classifies particles by their mass-to-
charge ratio (Olfert and Collings 2005), and the SP2
detects the mass of rBC in each individual particle (Ste-
phens et al. 2003; Slowik et al. 2007). In coupling the two
instruments, the advantages of this method over SP2-
only methods are (i) coating mass information can be
obtained over a much wider range of rBC particle mass
compared to SP-2 only methods (restricted in the SP2 by
the sensitivity to light scattered by rBC), (ii) coating
mass is measured directly: no assumptions for coating
density or refractive index are needed, and (iii) it does
not require assumptions of a core–shell morphology.
The CPMA does not limit the ranges of particles mea-
sured by the SP2 as its classification range is 0.2 ag to
1050 fg (or a volume equivalent diameter, drBC, of 6 to
1030 nm assuming an rBC density of 1.8 g/cm3). Regard-
ing the SP2, only the incandescence channel is used,
which has a detection range of approximately 0.3–117 fg
rBC (or a volume equivalent diameter, drBC, of 70 to
500 nm assuming an rBC density of 1.8 g/cm3). The
detection efficiency, the number concentration detected
versus the actual concentration present, may be less than
100% for rBC particles below 0.9 fg (Laborde et al. 2012),
but if the laser power is tuned the efficiency can be
greater than 80% down to 0.3 fg (Liu et al. 2017). Fur-
thermore, Moteki and Kondo (2007) have shown that

the incandescence signal is independent of coating thick-
ness up to 650 nm (where coating thickness is defined as
volume equivalent diameter of the particle minus that of
the rBC core); thus, the CPMA-SP2 can measure a wide
range of coating mass fractions for different rBC core
masses.

In previous work, the CPMA-SP2 system was used to
calculate the average coating mass on a population of
rBC particles (Liu et al. 2017). For each CPMA setpoint,
the average mass of rBC particles was determined using
an SP2, and divided by the total particle mass (i.e.,
CPMA setpoint). This method assumes that the CPMA
transfer function is very narrow, and that the proportion
of multiply charged particles which cannot be removed
by inspection is small. However, in the atmosphere, a
population of rBC particles has a wide range of coating
mass (i.e., some particles in the population may have
very little coating while some particles may have consid-
erable amounts), and may have a significant proportion
of multiple charge states.

The distribution of the coating material on the rBC
particles can be described using a two-variable distribu-

tion described by @2N
@ logmp@ logmrBC

; where mrBC is the mass

of an individual rBC particle and mp is the mass of an
individual particle. Thus, the term @2N represents the
number concentration of particles with an rBC particle
mass between mrBC and mrBCC dmrBC and total particle
mass between mp and mp C dmp. This distribution is
analogous to one-variable distributions that are often
used in aerosol science to describe count or mass distri-
butions (e.g., dN

dlogdp
or dM

dlogdp
). The two-variable distribu-

tion derived in this article is similar to that described by
Rawat et al. (2016) for two-variable distributions of
mobility and mass using a differential mobility analyzer–
aerosol particle mass analyzer (DMA–APM) system.
This work was described in further detail by Buckley

et al. (2017), where the two-variable distribution, @2N
@mp@dp

,

represents the number concentration of particles with
mobility diameters between dp and dp C ddp and masses
between mp and mp C dmp.

A useful property of the two-variable distribution is
that it can be integrated to derive one-variable distribu-
tions of the total aerosol population; for example, total
mass concentration distribution as a function of total
particle mass can be obtained using,

dM
dlog mp

D
Z

@2N
@logmp@logmrBC

mpdlogmrBC: [1]

Additionally, other distributions can be derived: (i)
mass concentration distribution as a function of rBC
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particle mass . dM
dlogmrBC

/, (ii) rBC mass concentration dis-

tribution as a function of total particle mass . dMrBC
dlogmp

/,

and (iii) rBC mass concentration distribution as a func-

tion of rBC particle mass . dMrBC
dlogmrBC

/. Similarly, the total

mass concentration, M, and total number concentration,
N, can be calculated through double integration of the
two-variable distribution. Note that since the SP2 only
measures particles containing rBC, the total mass con-
centration refers to the total mass concentration of par-
ticles containing rBC, and N refers to the total number
concentration of particles containing rBC. As the CPMA
is an aerosol classifier, and not a single-particle instru-
ment, a data inversion process is required to determine
the two-variable distribution. The two-variable inversion
is novel and different than the two-variable inversion
presented by Buckley et al. (2017), because the SP2 is a
single particle instrument, whereas their inversion dealt
with two instruments which are particle classifiers. The
inversion routine is tested and validated experimentally
using rBC particles coated by secondary organic aerosol
in a smog chamber.

2. Experimental methods

2.1. CPMA-SP2 system

The CPMA is an aerosol instrument which classifies par-
ticles based on their mass-to-charge ratios. The principle of
operation is based on balanced rotational and electrical
forces between two rotating coaxial cylinders. The proba-
bility of a particle making its way through the entirety of
the CPMA is described by the instrument “transfer func-
tion.” The transfer function of the CPMA is approximately
triangular and can be described by its resolution, which is
the inverse of the normalized full width half maximum
(FWHM) of the transfer function (e.g., a resolution of 5
results in a triangular transfer function with an FWHM of
20% of the mass setpoint). During step-scan operations,
the CPMA sequentially changes rotational speed and elec-
trode voltage potential to select a chosen quantity of mass
setpoints between a range of user-selected values.

The SP2 operates by drawing an aerosol stream through
an Nd:YAG intra-cavity laser (λ D 1064 nm). The absorb-
ing particles are vaporized and the scattered and incandes-
cent lights are measured by avalanche photo-diodes and
photomultiplier tubes, respectively. The scattered light sig-
nal is related to a nominal optical scattering diameter, and
incandescent detectors relate the peak of the incandescent
signal to rBC mass (Stephens et al. 2003; Moteki and
Kondo 2010). Calibration of the SP2was conducted by cor-
relating peak incandescent signal to rBC mass, selected
using the CPMA from the bare, uncoated particles pro-
duced by the inverted burner. Section S1 in the online sup-
plementary information (SI) shows the calibration of rBC
mass for the SP2 and efficiency of the SP2.

2.2. Experimental procedure

The inversion was tested using smog chamber experi-
ments, where rBC particles with a range of secondary
organic coating mass were sampled using the CPMA-
SP2 system. The experimental setup is shown in Figure 1.
Refractory BC particles were produced from an inverted
methane diffusion flame, similar to that described in
Ghazi and Olfert (2013). The flow rate of fuel and air
was 1.6 and 17.4 standard L/min, respectively (with ref-
erence temperature and pressure of 0�C and 101.325
kPa, respectively), and this resulted in a global equiva-
lence ratio of approximately 0.85. The particles were sub-
sequently passed at 1 L/min through a 25 cm diffusion
drier, consisting of a mesh tube surrounded by anhy-
drous calcium sulfate; a thermodenuder at 350�C with a
heated section of 25 cm with 1/4 inches diameter tubing;
a tube of activated carbon 91 cm long and diameter of 1/
4 inches; and a counter-flow parallel plate denuder (simi-
lar to that described in Ruiz et al. 2006) prior to entering
the chamber. The purpose of the diffusion drier was to
remove water from the aerosol phase. The thermode-
nuder partitioned any organic material on the particles
to the vapor phase, which either condensed onto the
walls of the cooling section of the denuder or adsorbed
onto the activated carbon following the denuder. The
counter-flow parallel plate denuder removed trace gases

Figure 1. Experimental set-up.
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which may have remained after these processes. The
smog chamber has been previously described by Parsons
et al. (2011). It has a volume of 1.8 m3, perfluoroalkoxy
film walls, and twenty-four 34 W black lights arranged
on the top and opposite walls of the inside of the
chamber.

The smog chamber was filled to a concentration of
approximately 10,000 cm¡3, verified with a Scanning
Mobility Particle Sizer (SMPS; TSI Inc., Shoreview, MN,
USA) connected directly to the smog chamber (not
shown in experimental diagram). A precursor hydrocar-
bon, p-xylene (99.9%, Fisher Scientific, Hampton, NH,
United States), was injected into the chamber with the
lights off. Particle mass growth (i.e., coating) does not
occur with the lights off due to the absence of shortwave
radiation. The uncoated, bare rBC particles were sam-
pled using the CPMA-SP2, with the SP2 recording the
mass and time of CPMA-classified rBC on a single parti-
cle basis. The polydisperse particle distribution was
charge-neutralized before sampling, by a Kr-85 radioac-
tive source. A condensation particle counter (CPC,
Model 3771, TSI) was set to a flow rate of 1.0 L/min and
the SP2 was set to a flow rate of 0.12 L/min, resulting in
a total flow through the CPMA of 1.12 L/min. When
sampling with the CPMA-SP2, the CPMA was sequen-
tially stepped over a mass range from 0.3 to 28 fg, and
the SP2 measured the mass of rBC comprising individual
CPMA-classified particles. Each setpoint was held for
30 s, and the CPC, in parallel with the SP2, measured
total CPMA output particle concentration for reference.
A valve downstream of the neutralizer and upstream of
the CPMA was fitted to bypass the CPMA, so the full
aerosol could also be measured by the SP2 alone. Before
each CPMA scan, the CPMA was bypassed and the SP2
sampled directly from the chamber; these data are

required to correct the inversion process as described in
Section 3. After one scan of the bare rBC particles,
hydrogen peroxide was introduced into the chamber,
and the lights turned on. Photolysis of the hydrogen per-
oxide produced hydroxyl radicals, which reacted with
the p-xylene precursor. The secondary organic material
condensed onto the bare rBC over a period of 7 h, and
the lights irradiated the chamber for the rest of the
experiment. Over the period of coating growth, the
CPMA-SP2 system sampled the aerosol from the smog
chamber using the same parameters and setpoint time.
After 7 h, fresh rBC was injected into the chamber result-
ing in co-existing populations of both bare and coated
rBC particles. This mixed population was sampled using
the same technique.

Figure 2 shows the output of the SP2 when a
CPMA is operated upstream at a single setpoint. For
a single CPMA setpoint, the output of the SP2 can be
envisaged as an rBC mass distribution, hereafter
referred to as the response of the system, dNResponse

dlogmrBC
. The

response of the system is derived by the bin width nor-
malized number concentration distribution of rBC par-
ticles measured by the SP2 for a given CPMA setpoint,
and the number of bins used in the inversion is dis-
cussed in Section 5.1. For a neutralized stream of
uncoated rBC particles as seen in Figure 2a, charge
states are clearly visible—doubly charged particles of
twice the mass have the same mass-to-charge ratio as
singly charged particles of the setpoint mass. The first
three charge states, F D 1, 2, 3, are clearly visible, and
the CPMA setpoint is equal to the median of the singly
charged particle distribution. As seen in Figure 2b, for
coated particles, the rBC distribution blends together.
The multiply charged particles are still present but they
are not distinguishable from each other as particles of

Figure 2. Number-mass histogram of particles at a particular CPMA setpoint counted by the SP2 (a) for uncoated and bare rBC particles
at a CPMA setpoint of 1.87 fg and (b) for coated particles at a CPMA setpoint of 18.15 fg.
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the same total particle mass (as classified by the CPMA)
comprise a wide range of rBC mass. However, because
the charge distribution and CPMA resolution is known
for a neutralized stream of particles, an inversion can be
used to account for the multiple charge states in order
to accurately reconstruct the mass and number distribu-
tions of coated particles.

3. Inversion of CPMA-SP2 data

An inversion is the process of solving an inverse prob-
lem, where parameters which cannot be directly mea-
sured or observed are inferred. A subset of inverse
problems are Fredholm integral equations which are
applicable to data acquired from aerosol science instru-
mentation such as DMA-CPC systems or cascade impac-
tors. The unknown quantity desired to be known for
aerosol instrumentation is generally the number or mass
distribution entering the instrument. Development of
inversions for DMA and tandem-DMA data is analogous
to the development of a CPMA-SP2 inversion and has
been discussed previously (Hagen and Alofs 1983; Col-
lins et al. 2002; Stolzenburg and McMurry 2008; Kul-
karni et al. 2011). The general form of the Fredholm
integral equation is

R xð ÞD
Z b

a
G x; yð Þp yð Þdy; [2]

where R(x) is the response of the system (i.e., the
observed or measured data), G(x, y) is the kernel func-
tion which describes the relationship between the
response and the model parameters, and p(y) is an
unknown quantity which cannot be directly measured.
Applying Fredholm integral theory to a CPMA-SP2 sys-
tem, the two-variable distribution (i.e., the unknown var-

iable) @2N
@logmp@logmrBC

can be related to the response and

kernel of the CPMA-SP2 system for the ith setpoint
assuming the distribution and charge fraction are
approximately constant over the width of the transfer
function,

dNResponse

dlogmrBC

����
i

D @2N
@logmp@logmrBC

����
i

� mp
� � XFmax

FD 1

f dp;F
� �

£
Z 1

0
V mp;B;F
� �

dlogmp; [3]

where dlogmp D 1
mp

dmp, � mp
� �

is a correction factor, f

dp;F
� �

is charge fraction, and V mp;B;F
� �

is the
CPMA transfer function. Unlike in Rawat et al. (2016),

where a two-variable distribution for a DMA-APM-CPC
system is calculated, the response of the CPMA-SP2 sys-
tem is a number distribution with respect to mrBC rather
than the number concentration of particles. The
response is calculated at the ith specific CPMA setpoint,
dNResponse

dlogmrBC
ji, as described in Section 2.

The CPMA transfer function, V mp;B;F
� �

, describes
the probability of a particle with a particular mass-to-
charge ratio passing through the classifier. The transfer
function is a function of the mechanical mobility, B, of a
particle, and its number of charges, F. There are several
models of transfer function available, and the diffusive
function similar to that seen in Olfert and Collings
(2005) is used for all calculations because it is the most
accurate and is not computationally intensive.

Like an SMPS, the CPMA-SP2 inversion assumes a
charge distribution of neutralized aerosol (Wang and
Flagan 1990), and the charge fraction, f dp;F

� �
,

describes the proportion of particles of a particular size
and charge state. The charge fraction in the CPMA-SP2
inversion was calculated using the Wiedensohler equa-
tions (Wiedensohler 1988), which were chosen because
they are commonly used. Recently, it was shown the frac-
tion of multiply charged particles may depend on the ion
composition of the neutralizer, making the Wiedensohler
equations inaccurate in some cases (L�opez-Yglesias and
Flagan 2013; Gopalakrishnan et al. 2013; Maißer et al.
2015). Therefore, other models could be used with this
inversion, but they have not been tried. The maximum
number of charges, Fmax, is specified for the inversion
and typically is chosen to be 3, since a negligible number
of particles exists with higher charge states for the size
range investigated in this study.

Determining mobility equivalent diameter requires
assumptions of particle mobility diameter and density.
Both are required to calculate the charge fraction and the
CPMA transfer function. The mobility diameter and
density assumption affects the amplitude of the two-vari-
able distribution, and to a lesser extent, the width. The
amplitude is primarily affected, rather than the width,
because these assumptions affect the shape of the CPMA
transfer function, which describes how many particles
pass through the CPMA. A wider transfer function
results in the two-variable distribution having a higher
concentration (i.e., increased amplitude). Additionally,
just like all aerosol science instrumentation, diffusion
and other mechanistic processes cause losses of particles
within the CPMA again affecting the amplitude of the
two-variable distribution. The amplitude of the two-vari-
able distribution can be corrected by introducing the cor-
rection factor, e. The correction factor is determined
using the data from the direct SP2 sampling performed
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during CPMA bypass measurements following each
CPMA-SP2 scan. The mass dependency of � mp

� �
was

ignored, since the SP2 can only measure rBC mass, not
total particle mass, and it is not possible to determine the
correction factor as a function of total particle mass.
Thus, the average correction factor will be determined,
represented by �. The correction factor is determined by
calculating the total number concentration of the SP2
sampling alone (i.e., bypassing the CPMA), and dividing
by the number concentration calculated by the two-vari-
able CPMA-SP2 data (i.e., using the inversion),

�D NSP2

N
; [4]

where N is the total number concentration of the two-
variable distribution and NSP2 is the number concentra-
tion of particles through direct SP2 measurement (i.e.,
no CPMA upstream of the SP2) over the same mrBC

range as the two-variable distribution. This assumes the
CPMA scan range is high enough so it covers the vast
majority of total particle masses.

The entire set of CPMA setpoints can be represented
by an ill-conditioned positively constrained system of
equations,

RDQG; [5]

where Q is the two-variable number distribution,
@2N

@logmp@logmrBC
, and R is the number distribution of the

response. Similar to the kernel function developed by
Collins et al. (2002) for scanning DMA data, the kernel
function, Gi, j, represents the response of the instrument
with a trapezoidal rule approximation for the ith instru-
ment response and the jth solution element of the known
number distribution ofmrBC. Ignoring the correction fac-
tor, �, for now, the kernel can be represented as,

Gi;j D
XFmax

FD 1

f mp;F
� � Z mp jC 1=2ð Þ

mp j¡ 1=2ð Þ

V mp;B;F
� �

dlogmp; [6]

where the terms mp(j C 1/2) and mp(j ¡ 1/2) represent the
edges of the jth bin of rBC masses, where the bin edges
are the geometric midpoint between adjacent bin mid-
points. To solve Equation (5) for the unknown two-vari-
able number distribution, a Twomey algorithm (Twomey
1975) was used. This algorithm was selected because it is
easy to implement and generally stable. Briefly, the Two-
mey method works by first approximating the two-vari-
able distribution with an initial guess. The initial guess is
calculated by taking the response of the CPMA-SP2 sys-
tem at the ith CPMA setpoint, and dividing by the charge
fraction assuming all particles were singly charged and by

the variable bb. The variable bb is the analytical solution to
the integral of a triangular CPMA transfer function assum-
ing a single charge and is described in detail in Section
S4.1. Bins with an rBC mass greater than the total mass are
set to zero because they are physically impossible. The ini-
tial guess is calculated using,

@2Nguess

@logmp@logmrBC
ji D

dNResponse

dlogmrBC
ji

f mp;i;FD 1
� �bb ; [7]

where @2Nguess

@logmp@logmrBC
ji is the initial guess for the ith CPMA

setpoint, and dNResponse

dlogmrBC
ji is the response of the CPMA-SP2

system at the ith CPMA setpoint.
The Twomey algorithm then iteratively calculates: (i)

a theoretical response by multiplying the two-variable
distribution by the Kernel function, (ii) a correction fac-
tor for each element of the two-variable distribution, and
(iii) the new two-variable distribution by multiplying the
old two-variable distribution by the correction factor.
This sequence is iterated until the total number concen-
tration of the two-variable solution approaches that
which was originally measured by the CPMA-SP2 within
5%. Then, the amplitude is corrected by multiplying by
the correction factor, �. The solution may be noisy due to
low rBC concentrations and oscillations induced by the
Twomey algorithm. Thus, smoothing the initial guess
and final solution via weighted averaging may be needed.
This was implemented into the inversion as an option,
and is conducted similar to that seen in Markowski
(1987). More details on smoothing are available in Sec-
tion S3.4.

Further information on the inversion is given in the
SI. Section S2 describes data pre-processing, where filters
were applied to remove spurious particles and neutral
particles seen at CPMA setpoints greater than 50 fg. Sec-
tion S3 gives detailed information on numerical meth-
ods. Section S4 explores model validation in three ways:
(i) The inversion is compared to an analytical solution
under simplified conditions, (ii), comparison to direct
SP2 measurement, and (iii) correction of mobility
assumptions. Section S5 discusses transfer function
selection.

4. Results and discussion

Results from the inversion, specifically for coated,
uncoated, and a mixed population of coated and
uncoated particles are presented in this section. Addi-
tional results are available in Section S5 of the SI.
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4.1. Two-variable number concentration
distributions

The two-variable number distributions, @2N
@logmp@logmrBC

,

which are functions of rBC particle mass and total par-
ticle mass, are shown in Figure 3 for populations of (a)
uncoated, (b) coated, and (c) mixture of coated and
uncoated particles. The color represents the magnitude
of the two-variable distribution, and the units are in
number of particles squared per cm6. The size of each
rectangle represents the limits of the histogram bins
used in the inversion. The geometric center of each bin
corresponds to the ith CPMA setpoint mass in the total
mass and rBC mass direction (because rBC bins were
chosen to correspond to each CPMA setpoint). There
were 21 setpoints for each CPMA scan, and therefore
21 bins in the total mass direction (i.e., the x-axis). The
number of bins in the rBC mass direction (i.e., the y-
axis) is variable; however, increasing the number of
bins causes a decrease in the number of particles per
bin which may lead to poor counting statistics. The
white dotted line represents where particles are
uncoated (i.e., mp DmrBC). Particles to the left of the

white dotted line of unity slope are physically impossi-
ble because the rBC particle mass exceeds that of the
total particle mass of the particle, but could occur if the
particle had a stronger incandescence response com-
pared to the material used to calibrate the SP2. Smooth-
ing was conducted for the latter two cases, but was not
conducted for uncoated particles as the distribution is
narrow. In Figure 3a, the multiple charge states are not
visible for the two-variable distribution of uncoated,
bare rBC particles. This is because the inversion charge-
corrects the distribution by removing particles with an
rBC particle mass greater than the total particle mass,
then adjusting the amplitude to account for removing
these particles.

The two-variable distribution for bare, uncoated rBC
particles seen in Figure 3a exists along a line with slope
equal to one. This is because the particles are not coated
and thus the total particle mass is equal to the mass of
rBC. When the particles grew an organic coating as seen
in Figure 3b, the distribution shifted toward a higher
total particle mass. The distribution does not increase in
the rBC particle mass direction since the rBC particle
mass does not increase. The widening of the distribution

Figure 3. Histogram representation of two-variable distributions, @2N
@logmp@logmrBC

, for (a) uncoated, bare rBC particles, (b) coated rBC par-
ticles which have undergone photooxidation with p-xylene under UV lights for 7 h, and (c) mixture of coated and uncoated rBC distribu-
tions. The white dashed line represents where mrBC Dmp.
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is due to the particle-to-particle variation in the conden-
sational growth rate of secondary organic aerosol, which
creates a distribution of total particle mass for particles
of a given rBC particle mass. When fresh uncoated rBC
particles are added to the smog chamber as seen in
Figure 3c, the two distinct populations of coated and
uncoated particles can be observed. The fresh particles
do not fall on the one to one line because the measure-
ment was taken 45 min after injecting the new particles,
and thus a coating had started to develop. This time
delay was intentional in order to allow the particles to
completely spatially mix with the coated particles.

4.2. One-variable number distribution

Direct integration of the two-variable number concen-

tration distribution, @2N
@logmp@logmrBC

, in the total particle

mass or rBC particle mass domains (i.e., the x and y
directions) yields dN

dlogmp
or dN

dlogmrBC
. The number distri-

bution for uncoated and coated particles can be seen in
Figure 4. Note that the data are only shown for particles
greater than 0.9 fg due to counting efficiency loss of the
SP2 below that limit. This results in the left side of the
number distribution being cut off. For uncoated par-
ticles, the distribution of dN

dlogmp
should have an ampli-

tude equal to dN
dlogmrBC

; however, dN
dlogmp

has a slightly

higher amplitude. This could be for two reasons. First,
the distribution is very narrow, and the initial guess
returns a broader distribution than expected. Since the
initial guess is slightly broader than expected, the solu-
tion distribution is also broad. Second, a calibration
error of the SP2 (or small amounts of coating on the
rBC when the SP2 is calibrated) would result in a small
shift in the distribution.

The number distributions for coated particles are seen
in Figure 4. For coated particles, dN

dlogmp
has a median

greater than dN
dlogmrBC

due to increased mass of the coating
as expected. Comparing dN

dlogmrBC
for coated and uncoated

particles, the distribution is similar except the median of
the coated case is lower than that of the uncoated case.
This is due to the particle losses in the chamber due to
diffusion to the walls.

4.3. One-variable mass concentration distributions

One-variable mass distributions can be recovered by

integration of @2N
@logmp@logmrBC

along either the mrBC or mp

domains and multiplying by either rBC particle mass or
total particle mass (Equation (1)). The mass distribu-
tions can be in terms of total particle mass concentra-
tion or rBC mass concentration. The mass
concentration distribution of non-refractory material

(nrBC), dMnrBC
dlogmp

or dMnrBC
dlogmrBC

, is given by the difference of

the total particle mass distribution and the rBC mass
distribution as either a function of total or rBC particle
mass. As seen in Figure 5a, for uncoated rBC particles
the rBC mass concentration distribution and total mass
concentration distribution are approximately equal.
This is because there is no coating on the particles and
total particle mass is equivalent to rBC particle mass.
As seen in Figure 5b for coated particles, the mass dis-
tributions as a function of rBC particle mass have
approximately the same median as the uncoated case.
This reflects that the organic coating growth via photo-
oxidation of p-xylene does not change the rBC particle
mass in the chamber. The coated one-variable mass dis-
tribution shows the difference in total particle mass

( dM
dlogmrBC

) and rBC particle mass ( dMrBC
dlogmrBC

) concentration

Figure 4. Number distributions of (a) uncoated rBC particles and (b) coated rBC particles.
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distributions, the difference in amplitude is propor-
tional to the coating mass at a particular rBC particle
mass. This figure shows a trend of smaller particles hav-
ing a higher coating ratio compared to larger particles.
This is expected and has been observed in particles
emitted from gasoline engines (Momenimovahed and
Olfert 2015), diesel engines (Ristim€aki et al. 2007), dif-
fusion flames (Dickau et al. 2016), and premixed flames
(Ghazi and Olfert 2013).

Finally, as seen in Figure 5c, for the case with
fresh rBC particles added, the two populations of
coated and lightly coated particles could be resolved
when plotting mass concentration distribution versus
total particle mass. In this figure, the distribution
dM

dlogmp
is negatively skewed, with a distinct peak at

approximately 11 fg of total particle mass. From previ-
ous interpretation of the two-variable distribution in
Figure 3c, we know that the distribution consists of two
distinct populations. Therefore, the negative skew

results from a bimodal distribution with each distribu-
tion having a median relatively close together. The
peak at 11 fg corresponds to the distribution of coated
particles, and the negative skew is from the distribution
of uncoated particles, with a median total particle mass
less than 11 fg. Viewing the same population as a func-
tion of rBC particle mass in Figure 5d, the populations
can no longer be clearly distinguished because the rBC
mass concentration distribution between the coated
and uncoated particles have approximately the same
median.

4.4. Mass concentration as a function of time

An SP2 used alone can directly resolve the mass concen-
tration of rBC particles. However, the SP2 cannot resolve
the total mass concentration of particles containing rBC.
The addition of the CPMA allows determination of total
mass concentration of particles containing rBC. The total

Figure 5. Single variable mass distribution functions dM
dlogm for: (a) uncoated particles as a function of rBC particle mass, (b) coated par-

ticles as a function of rBC particle mass, (c) mixture of coated and uncoated populations as a function of total particle mass, and (d) mix-
ture of coated and uncoated populations as a function of rBC particle mass.
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mass concentration and rBC mass concentration can be
calculated through integrating the one-variable mass
concentration distributions,

MD
Z 1

0

dM
dlogmp

dlogmp; [8]

and

MrBC D
Z 1

0

dMrBC

dlogmp
dlogmp: [9]

As seen in Figure 6, plotting the total mass concentra-
tion and rBC mass concentration as a function of time
for the smog chamber experiments shows the total mass
concentration of particles is increasing. This is due to
growth of organic coating due to photo-oxidation of p-
xylene. The rBC mass concentration decreases as a func-
tion of time due to diffusion losses to the smog chamber
walls. When fresh, uncoated rBC particles are added to
the chamber for the final SP2-CPMA scan (i.e., the right-
most data point), the rBC mass concentration increases
with an associated increase in total mass concentration
as expected. It is expected that the total mass concentra-
tion is under-sampled due to the efficiency of the SP2
below masses of 1 fg. Therefore, the absolute values of
mass concentration are not necessarily accurate, but the
trends are useful to demonstrate the inversion method.
In the smog chamber experiments, all particles contained

rBC, and M is close to the actual total mass concentra-
tion. Used for ambient sampling, this method would
return the total mass concentration of particles contain-
ing rBC, different from the total mass concentration of
all particles.

5. Conclusion

A CPMA-SP2 inversion algorithm has been developed
that calculates a two-variable distribution describing par-
ticle number concentrations as a function of rBC particle
mass and total particle mass. The inversion method sol-
ves a Fredholm integral equation using a Twomey algo-
rithm, resulting in a charge-corrected two-variable
distribution. It was demonstrated that one-variable dis-
tribution functions, which are useful to demonstrate
coating distribution properties, could be obtained simply
from the two-variable distributions. The inversion was
tested using smog chamber experiments where a signifi-
cant coating was grown on bare rBC particles over a
period of several hours via photo-oxidation of p-xylene.
It was shown that in a mixed uncoated and coated aero-
sol the two populations could be clearly distinguished
using a two-variable distribution. Similar to SMPS meas-
urements, the CPMA-SP2 inversion makes assumptions
about the charge state. Additional assumptions include
assuming that efficiency correction can effectively
account for errors in estimating the mass–mobility rela-
tionship and losses in the CPMA. From the two-variable
distribution, one-variable mass and number distributions
can be calculated through integration, which are a func-
tion of rBC or total particle mass. Total particle concen-
tration and mass concentration can be obtained from
double integration of the two-variable distribution. This
method can be used for semi-continuous measurement
of ambient rBC particles. As described in this article, a
CPMA-SP2 scan takes approximately 20 min, so semi-
continuous scanning coupled with this inversion could
be used to derive the changes in rBC populations on
atmospheric timescales. Because the two-variable distri-
bution demonstrated in this article can easily identify dif-
ferent populations of particles (e.g., lightly or heavily
coated), it could provide new insights for climate
scientists.
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